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1 Aim of the talk

We follow Blechschimdt thesis and introduce ‘internal mathematics’ in an arbitrary topos of
sheaves over a topological space. We then see how this technique can be used to simplify
complicated statements about sheaves to statements of commutative or even linear algebra.

2 Introduction/motivation

Take the definition of commutative ring: this is usually stated as ’a commutative ring is a set
R equipped with two operations + and ·, together with two elements 0 and 1, such that some
axioms are satisfied.

The thing is, there’s nothing special in choosing a set as the carrier of R. We
can in fact talk of commutative rings inside any sufficiently structured category.

Let’s see what it means.
When we specify the data of a commutative ring, we are actually specifying functions: +,·

are maps R × R → R and 0,1 are maps ∗ → R. Plus the axioms governing this data can be
given as a commutativity condition on suitable diagrams, for examples

R×R R

R×R

+

twist +

It turns out that much of the ‘language’ we use to define mathematical structures, explicitly
referring to sets, can be ported to a sufficiently structured category (e.g. a topos).

However, converting everything to arrows and commutative diagrams is awkward, especially
when we deal with things more complicated than equality of some compositions (e.g. subsets,
nested quantifiers). Fortunately, there’s no need to do so: we can keep the same syntactic
features of the ‘language of sets’, and thus the same formulas, and simply agree to interpret
them in a different manner.
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Generalized elements. Let’s see, for example, what we ought to mean when we say ‘x ∈ X’.
In the usual settings of Set, this is apparent: x is an element of X, or, equivalently, there’s
an arrow from the singleton 1 to the set X picking out the specific element x. In categorial
terms, elements allow us to distinguish between different functions, i.e f = g iff for
all 1 x→ X, we have

1 X Y.x
f

g

In a general topos (or even a category), however, this is not enough since elements from the
terminal object are just ‘global’ elements (e.g. indeed, in a Grothendieck topos, global sections).
For example, if H ∈ ShC∞ is the sheaf of holomorphic functions on the Riemann sphere, we
cannot distinguish between H ∂z→ H and the zero map by just looking at global elements of H.

Therefore, in an arbitrary topos, we interpret ‘x ∈ X’ to mean any arrow into X, therefore
with domain possibly different from the terminal object. A solid justification comes from nothing
less than Yoneda Lemma: one of its corollaries implies than two objects are equal iff they have
the same generalized elements.

Hom(U,X) ∼= Hom(U, Y ) naturally in U iff X ∼= Y

This confirms our intuition that generalized elements are the correct translation of the notion of
‘element’ to an arbitrary category.

A topos is a category which is indeed structured enough to allow us to do this
sort of translation for almost any kind of mathematics. In fact a topos is defined as a
cartesian closed category with a subobject classifier, which literally mean that in a topos we can
speak about functions and subobjects as we do in Set.

So algebra, geometry, analysis, even set theory can be done inside an arbitrary topos! This is
what we mean by internal mathematics: the interpretation of mathematical theories in toposes
other than Set. In my talk, I will focus on what can be done in toposes of sheaves on a topological
space X.

All of this is not done out of love for more generality. Let’s move by analogy
with a change of variables: imagine you are to solve a complicated integral, in the sense that
we are given a messy function as integrand:∫ earctanx

1 + x2 dx.

A common strategy to solve these integrals is to sidestep the complexity of the function
by ‘changing the meaning of x’, i.e. by making a substitution:∫ earctanx

1 + x2 dx
x=tanu7−→

∫
eu du

The integral is now straightforward, and we get eu + C as a result. By reversing the translation
(setting u = arctan x), we recover the solution to the initial problem.
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∫ earctan x

1+x2 dx
∫

eu du

earctanx + C eu + C

x=tanu

solve

u=arctanx

In the same spirit, imagine you are to prove a complicated statement about, say, geometry
of sheaves over a topological space X. Instead of diving head down into computations,
you offset the complexity of the statement by moving inside a different topos. If we
have been wise enough, the statement is now simpler. We can prove it there, and then translate
the proof externally to recover a solution of the initial problem:

hard P about sheaves simpler P ′ about sets

proof of P proof of P ′

to ShX

proof

to Set

Example. Let’s see a baby example: suppose we are to prove the monicity of some morphism
of sheaves. We write down the statement:

∀X Y, fx = fx′ implies x = x′.
x

x′

Then by properly interpreting the statement in the topos, we get the following translation:

∀x, x′ : X, f(x) = f(x′)⇒ x = x′.

But this is just the definition of an injective function! Therefore, internally, monomorphisms are
just injective functions, hence inside the topos we can speak about monic arrows in the same
way we speak outside of injective functions.

Abelian sheaves are modules. A more complicated example is given by the definition of
commutative ring we gave at the beginning. Here we are translating in the opposite direction.
What is a commutative ring inside the topos ShX? Well, as it turns out, it’s a sheaf of
commutative rings. In the same fashion, a module over this ring is, externally, a sheaf of modules
over the corresponding sheaf of rings.

Don’t be fooled though, as internalizing can get us genuinely different structures.
Let’s look for example at locally ringed spaces: they become a local ring in their sheaf topos.
Schemes, therefore, become ‘almost fields’ and reduced schemes fields! Now we start to see
the power of the technique: we really get stronger (and simpler to work with) properties by
internalizing!
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The logic. This fact can be explained by the following consideration. In Set, logical values
are just two: they are given by the elements of the subobject classifier, which is 2 = {>,⊥}.
In a sheaf topos, the subobject classifier is much richer, since it is the sheaf of open subsets.
This means that, in a sense, logical values in a sheaf topos are as many as the open subsets of
X. The translation rules (the ‘change of variables’) is then just a way to assign a
truth value to a proposition ϕ.

The semantics. We write this as U � ϕ, where U is an open subset of X, which is read
‘ϕ holds on U ’ or ‘U proves ϕ’. Another way to see it is as a rule expressing internal
truth in terms of external truth, i.e. a meaningful translation of ϕ into an external
proposition of which we can assess the validity. These rules are given by structural
induction, let’s see some examples to see what we mean by this.

For instance, there’s a rule telling us that ϕ ∧ ψ is valid on U (‘U � ϕ ∧ ψ’) iff ϕ is valid on
U and ψ is valid on U . So far, so good.

But not everything is so straightforward, and this is where the power of the translation
enters. For example, the disjunction of two formulae ϕ ∨ ψ is valid on U iff there is an open
covering U =

⋃
i Ui such that for each i Ui � ϕ or Ui � ψ! This is very different from the usual

interpretation of disjunction, but this way of giving rules is tailor-made as to enjoy the following
properties:

Locality Let U =
⋃
i Ui be an open set of X along with an open covering, and let ϕ be a

formula over U . Then
U � ϕ iff for all i, Ui � ϕ.

Monotonicity If V ⊆ U and ϕ is a formula on U , then

U � ϕ implies V � ϕ.

Soundness If ϕ, ψ are formulae over U and ϕ entails ψ intuitionistically, then

U � ϕ implies U � ψ.

Intuitionistic proofs are valid proofs. The last one is very important, since it tells us
the translation I was talking about is actually feasible, i.e. we can prove things internally and
translate them externally. The caveat is those proofs must be intuitionistic, which means we are
not allowed to use LEM or AC. This complicates things a bit, but not so much as one might
expect. Think of this requirement as the requirement of bicontinuity or bismoothness we make
on a change of variables — constraining, though not paralyzing.

Intuitionistic definitions. The downside, as we’ll see, is that we have to be more careful
about our proofs and even about our definitions. For instance, when I said a locally ringed space
becomes an internal local ring I gave you a definition of locality which is classicaly equivalent
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to the other ones we know (e.g. there is a unique maximal ideal) but not intuitionistically. So
we have to choose whatever is more convenient for our purposes, and bear in mind different
definitions can have different behaviours.

Internal mathematics is intuitionistic. The upside is, people have been doing intuitionistic
mathematics for decades now. Intuitionism was born out of philosophical considerations on the
validity of LEM, and many people felt like mathematics ought to be carried out in an intuitionistic
setting. Here, we are not choosing intuitionism on philosophical grounds. It is forced upon us
since LEM is actually an invalid rule of inference in most toposes (the reason being that the
expanded truth values do not obey Boolean logic anymore, but a weaker form called Heyting
logic). In fact in a topos of sheaves over a (T1) topological space X LEM is invalid unless X is
discrete.

Intuitionistic negation. Let’s see some consequences of the intuitionistic logic. The first one
is that negation is not the ’complement’ anymore, meaning ¬¬ϕ is a strictly weaker statement
than ϕ. In the semantics we gave, ¬¬ϕ holds on U iff it holds on a dense open subset of U.
In general, ¬ϕ is interpreted as ϕ ⇒ ⊥. Perhaps we’ll be able to see this proof scheme later.
Another things we are forced to do is to be strictly constructive, i.e. to witness all of our
existential claims.

3 Applications

Let’s move on to applications.
The results are taken from [Ble18, pp. 45-46], as well as the proof of Lemma 1.

Lemma 1. Let X be a locally ringed space, F α→ G an epimorphism of finite locally free1

OX-modules. Then the kernel of α is finite locally free as well.

Proof. Our translation table tells us that, internally in ShX,

1. OX is a local ring,

2. F , G are a free modules of finite rank,

3. α is an epimorphism of modules.

Hence the statement of the theorem becomes:

Let F α→ G be an epimorphism of free modules of finite rank over a local ring
OX . Then the kernel of α is a free module of finite rank as well.

To prove this, it suffices to give an intuitionistic proof of the following statement:
1A sheaves of modules F over a sheaf of rings OX is finite locally free if every x ∈ X has an open

neighbourhood U on which F|U ∼= Om
X for some m ∈ N.
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The kernel of a matrix over a local ring representing a surjective linear operator
is free of finite rank.

This is a statement in linear algebra!
So let M : Om×nX be such a matrix. We fix canonical bases on both domain and codomain so

that α can be seen as OnX
M→ OmX . By surjectivity assumption, there is an R-linear combination of

columns of M which equals e1 : OmX . This means, in particular, that some R-linear combination
of the entries of the first row of M is 1. By locality of R, it follows that at least one of these
entries must be invertible, therefore we can apply appropriate row and column transformations
to put M in the form 1 0

0 M̃

 .

Again, M̃ satisfies conditions analogous to those of M , if on a smaller subspace of OnX . Thus by
induction we can put M in the following form

1 0
. . . . . .

1 0

 .

where the first block has dimensions n× n and the zero columns are thus m− n. It is apparent
that the kernel of such a matrix is generated by the last m− n basis vectors, thus giving a proof
that kerα ∼= Rm−n.

Lemma 2. Let (X,OX) be a reduced scheme. Let F be an OX-modules of finite type. Then F
is finite locally free on a dense open subset.

Proof. The statement is equivalent to the following internal proposition in ShX:

Let OX be a field. Let F be a finitely generated OX -module. Then F is not not
free of finite rank.

Then assume that F has finite rank, so that there exists a minimal generating family x1, . . . , xn :
F . To show F is free is to show this family if linear independent, i.e. that given any linear
combination such that

∑
i aixi = 0, ai = 0 for every i. In fact, suppose one of the ai were

invertible. Then dividing both sides of the above equality by −ai and bringing xi to the right,
we’d get xi as a linear combination of the other elements of the generating family, contradicting
its minimality. Thus none of the ai is invertible. By the field property of OX , this suffices to
conclude that all of the ai are zero.

By a technical consideration about the internal notion of the natural number describing the
rank of F (see [Ble18, 51, Lemma 5.8]), we need to ¬¬-weaken the above proof, with the effect
of ¬¬-weakening the conclusion too.

Lemma 3. Let (X,OX) be a ringed space. Let

0→ F → G → H → 0
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be a short exact sequence of OX-modules. Then if F and G are of finite type, so is G.

Proof. The statement translates to the following internal proposition of ShX:

Let OX be a commutative ring. Let

0→ F → G → H → 0

be a short exact sequence of OX -modules. Then if F and G are of finitely generated,
so is G.

If F and H are finitely generated, the pick surjections OmX
sF→ F and OnX

sH→ H and consider the
following diagram:

OmX OnX

0 F G H 0.

sF sH

f g

Then as G → H is a surjection and OnX is projective [MRR88, p. 57], we get a map OnX
p→ G so

that the composition gh is the same as sH. We can then define a map On+m
X = OnX +OmX

sG→ G
as the sum fsF + p:

(x, y) 7→ fsF (x) + p(y).

This completes the diagram to the following:

0 OmX OmX +OnX OnX 0

0 F G H 0.

sF fsF +p sH
∃p

f g

Then the middle map is surjective by a version of the Five Lemma.
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