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Dear Alex, dear Tom,

thank you very much for your interest. We will try to answer your questions in the clearest
and shortest manner we can. We benefit a lot from your remarks, in particular by showing
us where we were excessively vague.

1) Our chapter in the Huawei book was written before the paper on arxiv, but it appeared
later. Therefore the paper refers to the chapter and goes further.

2) The object Ω in a Grothendieck topos was remarked by Lawvere, and historically served
later to define elementary topos; it is named the ”classifier of sub-objects of the objects of
the topos”, and plays an important role in relating topology (geometry) and logics. We have
tried to describe it simply and concretely.

Let us look first to the simplest case of a topos of pre-sheaves C∧. In this case, a sub-
object Y of an object X of the topos, in the sense of category theory, is an object of the
topos C∧|X, which is canonically represented by a family of subsets Y (x) ⊆ X(x);x ∈ C0
and by the maps obtained by restriction of X(f) for every f : x → x′, i.e. f ∈ C1. Then a
subobject is (identified with) a coherent family of subsets of X, and a priori this coherence
is not satisfied by every family of subsets. (Try with the category a→ a′, giving rise to the
topos of Shadoks, cf. chapter.)

Now to define in C∧ the toposic analog of the set of subsets, we must be attentive to the
naturalness, and this was too hidden in the presentation of our chapter, except for X = 1,
the terminal object. For that purpose we consider the Yoneda functor x 7→ x∨, which sends
x ∈ C0 to the contravariant functor y 7→ HomC(y, x), and each f ∈ C1 to the composition
with f . The value x∨(y) can be naturally identified with the set of objects of the category
of arrows C|x in C abutting in x.

The object of parts (or sub-objects) P(X) = Sub(X) is the pre-sheaf given in x ∈ C0
by the set Px(X) of sub-sets of the product set (C|x)×X(x)) and by the maps induced by
X(f) for f ∈ C1. (This pre-sheaf has natural operations: ordering with smallest and highest
elements, ⊥ and > respectively, intersection, union that satisfy the axioms of a Heyting
algebra, in particular a lattice.) Be careful that this is not the object PC(X) of C∧ which is
made by the sets of parts of X(x) and by the natural morphism induced by the maps f ; this
functor is naturally a sub-object of the toposic P(X), but it plays no universal role in the
topos. The construction of PC(X) gives a good example of objects that have no invariant
meaning in a topos, to the contrary of P(X), cf. the theory of bridges developed by Olivia
Caramello, that consists in comparing the definitions of natural invariant of a topos in several
presentations. Remark that P(X) uses an equilibrium between the category of basis through
C|x and the set theoretic nature of the value X(x).

An important special case is when X = 1, the final object, made by a singleton ∗ at each
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x ∈ C0, and the unique possible maps for f ∈ C1. In this case we were sufficiently precise.
The pre-sheaf P(1) is denoted by Ω. (We apologize for having denoted by X sometimes
objects of C and sometimes objects of C∧, in the chapter or in the article.) Note that its
value in x ∈ C0, is the set Ωx of subsets of the object x∨ that can be identified with the
sub-objects of x in the category C, considered as equivalence classes of monic arrows y → x
(as correctly explained by Vladimir Sotirov in your correspondence).
It can be proved that a sub-object Y of an object X of C∧ corresponds to a unique morphism
χY : X → Ω such that at any x ∈ C0, we have Y (x) = χ−1Y (>). Note this is remarkable,
because the natural transformation χY is characterized by a unique value, even when Ω has
many values in every object x.
More generally, the above pre-sheaf P(X) is isomorphic to the exponential pre-sheaf ΩX ,
characterized by the natural family of bijections

HomC∧(Y ×X,Ω) ≈ HomC∧(Y,ΩX), (1)

which expresses the universal property of the classifier Ω.
Note the difference between Ωx that is a set and ΩX , which is a functor, an object of C∧.

However, we also frequently consider the set of sub-objects of 1 over the whole category
C. And for confusion, we also denote it by Ω. It would have been better to write Ω for the
pre-sheaf, but it is too late. The set Ω is named the Heyting algebra of the topos C∧.

For us, in the article TSDNNs, the objects ΩX are fundamental, because they give the
toy languages where we consider theories. They generate type theories and topos, which
are their completion by finite limits and co-completions by co-limits, but for the concrete
semantic problems addressed by neural networks, we can stay inside the Heyting algebras
ΩX , whose elements are propositions, by definition.

3) Even if this is not essential for the present text TSDNNs, it is important to know how all
that generalizes to every topos. We refer to the books of Olivia and her notes with Laurent
Lafforgue, but shortly said, we can apply the notion of modality in intuitionist logics (cf.
also Bell, Toposes and Local Set Theory): a natural transformation j : Ω → Ω, respecting
the order and verifying the following three axioms:

j> = >, j ◦ j = j, j ◦ ∧ = ∧ ◦ (j × j). (2)

The operator j is named a Lawvere-Tierney topology. The associated Grothendieck topology
on C is defined by

Jx = j−1x (>x). (3)

Cf. in our chapter, the Definition 4.2, of a Grothendieck topology, made by particular subob-
jects of Ω, for instance the above J , and the Definition 4.4. of a Sheaf, which is a particular
presheaf. By definition, the categories of sheaves are the most general Grothendieck topos,
noted C∼J .

The image jΩ of j is the classifier of sub-objects Ωj of the above topos of sheaves of the site
C, J . This is the Theorem 5, page 227 of the book of MacLane and Moerdijk, ”Sheaves in
geometry and Logics”.
When considering the set Ω, the subset Ωj is the Heyting algebra of the topos C∼J .

4) In the questions you asked, we saw mentions of neurons and weights in relation with the
above notions, then we think important to comment here this relation.

2



4 a) In the first chapter of TSDNNs, we associate to a an artificial neural network a certain
object X in a topos defined by a site, that we see later equivalent to the topos of pre-sheaves
C∧ over a certain small category C. The weights are also associated to a certain object W.
Concretely, the objects U of C are the layers of the network (plus objects for the forks,
describing the joint of information coming from several layers), the values of sub-objects Xw

at these points U , are the sets of possible activities of neurons, therefore they are embedded
in real numerical spaces, whose coordinates are the possible activities of individual neurons.
The objects of W describe the maps from one layer to another one. The usual weights, that
result from a learning process, form a section w of W, i.e. a singleton sub-object of W. Be
careful that X and W are contra-variant functors, then the arrows in C are going from the
output layer to the input one.
Thus individual neurons are kinds of projections (quotients) of the layers, they do not corre-
spond to objects in the topos, because they connect to many other neurons. At this point we
depart from most presentations using categories for networks, as Spivak et al. or Marcolli et
al. We consider the objects X as sets of dynamical objects Xw, becoming active when data
are given at input layers, because, under natural hypotheses, always satisfied in practice by
today’s deep neural networks, there exists a unique section ξ of Xw when ξin is given: this
section is a singleton sub-object of Xw.

In ”reality”, C is replaced by the fibred category F , which defines the pre-semantics.
This is the subject of the chapter 2 of TSDNNs. The objects X and W are supposed to
belong to F∧. The starting example is a convolutional network where the fibers are given
by the group of 2D translations, this is explained in our text.

4 b) Where logics meets the dynamics is the heart of the paper: page 24 and pages 43, 44,
45; it is the notion of semantic functioning. That is a map Σ : Xw → Θ (conjectured in the
experiments), which selects theories in function of the input ξin ∈ Ξ, that are compatible
with given output theories Tout(ξ). The objects of the pre-sheaf Θ are the set of axioms in
a pre-sheaf of languages L constructed from an object ΩZ , where Z is a product of objects
associated to concepts and contexts of interest for the problem to solve with the network.
The arrows of Θ express the transfer of the logic from one layer to another one.

4 c) The relation with Ω, considered as the set of sub-objects of the terminal object 1,
deserves a special mention, because it was our starting point: when theories are expressed
by the activity of the network, the truth values of some property P , like ”there is a cat in
this image” has the structure of an element of Ω; it is made by a collection of ∅ for the first
layers (in the sense of the dynamic), manifesting the uncertainty about P , ”followed” by a
collection of 1 = ∗ in the deeper layers, telling that the decision is made.
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